In the near future, Vehicle Automation and Communication Systems (VACS) are expected to revo-2 lutionise the features and capabilities of individual vehicles. Among the wide range of potentially 3 introduced VACS, some may be exploited to interfere with the driving behaviour via recommend-4 ing, supporting, or even executing appropriately designed traffic control tasks, providing unprece-5 dented opportunities to improve traffic control performance (1). On the other hand, the uncertainty 6 regarding the future development of VACS calls for the design of control strategies that are robust 7 with respect to the different types of these new systems, as well as to their penetration rate. A 8 promising new feature that can be exploited for traffic management is lane-changing control. 9 The problem of modelling the distribution of vehicles among lanes, in case of ordinary 10 traffic, has been addressed in a number of research works, including (2, 3, 4, 5, 6, 7, 8), which 11 show that the lane distribution is affected, among others, by some characteristics of the network 12 layout (e.g., the total number of lanes); however this choice is also behavioural, since every single The problem of assigning traffic flow among lanes for motorways under fully automated or 26 semi-automated driving has been studied in numerous research works during the last decades. To 27 tackle the high complexity of the problem, several assumptions are typically made, such as known 28 and constant prevailing speeds along the motorway and absence of traffic congestion, thanks to 29 the assumed (but not addressed) appropriate operation of other control actions (e.g., ramp meter-30 ing) at the motorway entrances; also, structural assumptions are commonly considered in order to 31 limit the (otherwise vast) space of potential path assignments. In his seminal work, Varaiya (11) have been developed (15, 16, 17, 18) , however the computation complexity of the proposed op-41 timisation problems makes them hardly applicable in a real-time context. Lane-changing control 42 has also been considered, together with variable speed limits and ramp metering, within integrated 43 traffic management strategies (19, 20, 21 
where q i, j (k) is the longitudinal flow leaving cell (i, j) and entering cell (i + 1, j) during time considerations, the total number of lateral flow terms isF =H − N.
34
In order to guarantee numerical stability (since the discrete-time system described by Equa-35 tion 1 may come from a discretisation of a PDE (30)), the time step T must respect the so-called 36 CFL condition (31):
where v max i, j is the maximum speed allowed in cell (i, j). Let us consider the well-known relation
replacing Equation 3 into Equation 1 we obtain
which, treating speeds v i, j (k) as known parameters, can be seen as a Linear Parameter Varying 8 (LPV) system in the form
where (time index k is omitted to simplify notation)
A ∈ RH ×H , composed of elements a r,s , which represents the connection between pairs of subse- reflects the connection of adjacent cells connected by lateral flows, are defined as
where
Optimal control problem formulation with constant set-points 3
The linear system described in the previous section is used for formulating an optimal control prob-4 lem with the purpose of manipulating the lateral flows in order to avoid the creation of congestion 5 due to the activation of a bottleneck. Under the assumption that the overall traffic flow entering 12
Identifying the nominal capacity of a bottleneck is a non trivial task; in fact, Elefteriadou 13 et al. (34) and Lorenz and Elefteriadou (35) have demonstrated that the real flow capacity in a 14 merge area may vary quite substantially from day to day even under similar environmental condi-15 tions; therefore, any control strategy attempting to achieve a pre-specified capacity flow value may 16 either lead to overload and congestion (on days where the real capacity happens to be lower than 17 its pre-specified target value) or to underutilisation of the infrastructure (on days where the real 18 capacity happens to be higher than its pre-specified target value). On the other hand, the critical 19 density, at which capacity flow occurs, exhibits smaller variations (36), and it is therefore prefer-20 able targeting a density set-point (i.e., the critical density) at the bottleneck location. In (23) we 21 propose a control strategy that is always targeting the critical densities for each lane; and, for the 22 case they are unknown, an extremum seeking algorithm (37) was proposed to estimate them. 23 We define the following quadratic cost function (over an infinite time horizon) that accounts 24 for the penalisation of the difference between some (targeted) densities and the corresponding pre-25 specified (assumed constant) set-point values; as well as a penalty term aiming at maintaining 26 small control inputs, i.e., small lateral flows (weighted by ϕ):
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where (î,ĵ) denote the targeted cells,ρˆi ,ĵ is the desired set-point, and αˆi ,ĵ is the corresponding 1 weighting parameter. We rewrite Equation 12 in matrix form as
where Q = Q T ≥ 0 and R = ϕIF > 0 are weighting matrices associated to the magnitude of the 
reflects the cells that are tracked. At first, we suppose to target only the cells at the bottleneck 6 locations (e.g., in Figure 1 , ρ 3,1 , ρ 3,2 ). The problem described by Equations 13, 11 is solved through a Linear Quadratic Regulator 8 (LQR), under the assumptions that the original system is, at least, stabilisable and detectable (see Chapter 2 of (38)). αˆi ,ĵ , to have a density equal to zero. Note that, in the described case, the system is also observable.
14 Further details are presented in (23).
15
The solution to the proposed LQR problem, obtained via Dynamic Programming in (23),
16
results in the following feedback/feedforward control law
Note that the optimal gain computed in Equation 16 and the Algebraic Riccati Equation ( 
As an example, we show in Figure 2 is that, in order to obtain the best traffic performance, the (per-lane) density set-points should be 31 equal to the (per-lane) critical densities, when the inflow approaches to the bottleneck capacity.
32
As an alternative, the set-pointŷ(k) may be varied via a total-density-dependent term 33 χ(ρ tot (k))ρ tot (k), where χ is an opportunely defined function and ρ tot (k) is the total (measured) 34 density at the bottleneck area. In this case, χ holds the portions of the total current density assigned 35 to the corresponding lanes. Due to the involvement of ρ tot (k), this leads factually to an additional 36 (outer) feedback loop, which, however, has virtually no impact on the overall system stability, as 37 numerical investigations have shown. here a brief explanation of the employed model for self-completeness.
10
We consider the conservation law described in Equation 1 
where l i, j,j (k) is the lateral flow moving from cell (i, j) to cell (i,j) during time interval (k, k + 1] 15 andj = j ± 1; lateral flows l i, j,j (k) are computed according to
A i, j,j (k) = µ max 0, 
Parameter v max denotes the free speed, Q cap is the capacity flow, ρ cr is the critical density (i.e., 
24
Network description and the no-control case 25 We consider a hypothetical motorway stretch to test and evaluate the performance of the proposed 26 strategy. In particular, we consider the network depicted in Figure 3 , which is composed of 7 seg-27 ments; segments 1, . . . , 5 feature three lanes, while segments 6 and 7 feature only two lanes, with 
Traffic demand profiles are defined for a simulation horizon K = 480 (80 min), as shown 1 in Figure 4 . Note that the overall demand entering the network is, at its peak, roughly equivalent 2 to the total capacity of segment 5, i.e., the bottleneck capacity. 
obtaining, for the presented no-control case, a resulting overall TTT = 186.7 veh · h. We proceed now to the evaluation of the optimal control strategy with constant set-points using 2 the previously described motorway scenario. We define as "application area", namely the portion 3 of network where we apply our designed strategy, the area from segment 3 to segment 6 (see According to the network topology and setting a constant speedv = 90 km/h and cost 9 weights Q i, j = 1, for i = j = 2, 3; Q i, j = 100, for i = j = 1; Q i, j = 0; ∀i = j; ϕ = 10 −5 (obtained 10 after some manual tuning of the controller aiming at achieving an efficient and smooth response), 11 we compute (offline) the gains according to Equations 16, 17, 19, 20. 12 Assuming the critical densities at the controlled area to be known, we build the set-point 13 vectorŷ to consist ofρ 6,2 = 32 veh/km,ρ 6,3 = 36 veh/km, while for the additional dummy segment 14 we defineρ 6,1 = 0 veh/km. FIGURE 5 Contour plots of densities in the no-control case (top), when the control strategy with constant set-points is applied (middle), and when the proposed feedback control strategy for density distribution is applied (bottom).
is not appearing, and the system operates at the bottleneck capacity during the whole peak period 1 (see Figure 7 (middle)). Within this scenario, we obtain a TTT = 145.7 veh · h, which is a 22% 2 improvement with respect to the no-control case. is always higher than the flow exiting lane 2, for any value of total flow. This is due to the higher 5 value of critical density used as constant set-point within the application of this control strategy.
6
Application of the proposed feedback control strategy for density distribution at bottlenecks We now test the proposed control strategy aiming at distributing the total density at a bottleneck 8 area, among the different lanes, according to a given policy. The set-point vectorŷ(k) is computed 9 via the functions depicted in Figure 2 , employing a quadratic form forρ 6,2 (k) and a linear term for 10 TRB 2017 Annual Meeting
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FIGURE 6 Contour plots of net lateral flows in the no-control case (top), when the control strategy with constant set-points is applied (middle), and when the proposed feedback control strategy for density distribution is applied (bottom).
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FIGURE 7
The flow exiting from lanes 2 (left) and 3 (right) of segment 5 (blue lines) and the corresponding capacity flow (red lines). In the no-control case (top), the capacity drop mechanism is triggered and the outflow drops from the capacity flow; whereas, when the control strategy with constant set-points (middle) or the proposed feedback control strategy for density distribution (bottom) are applied, the capacity drop phenomenon is avoided and the outflow, during the peak period, is close to the bottleneck capacity.
TRB 2017 Annual Meeting Paper revised from original submittal. FIGURE 8 The flow exiting the bottleneck area (segment 5) for the feedback control strategy with constant set-points (left) and for the feedback control strategy for density distribution at bottlenecks (right) as a function of the total outflow at the bottleneck area. 
We maintain the same configuration for the controlled system as in the previous case, com- Similarly to the previous case, the resulting contour plots in Figure 5 (bottom) illustrate that 6 the controller also avoids congestion and hence the capacity drop phenomenon during the whole 7 peak period (see Figure 7 (bottom)), while lateral flows are distributed quite homogeneously within 8 the whole application (see Figure 6 (bottom)). For this scenario, we obtain a T T T = 146.7 veh · h, 9 which is a 21.4% improvement with respect to the no-control case.
10
In this case, however, we can see from Figure 8 
CONCLUSIONS

1
In this paper we presented an extended version of an optimal control strategy for lane-changing-2 based traffic control at bottleneck locations, which we previously proposed in (23), by including, 3 together with the capability to operate a motorway traffic system at its capacity, the possibility to 4 distribute the traffic at the bottleneck area, among the different lanes, according to a given policy.
5
Simulation results demonstrate the effectiveness of the proposed control strategy in improving 6 traffic performance, while also pursuing a prescribed lane flow distribution at the bottleneck area.
7
We are currently extending this methodology to account for unmeasured demand flows and 8 incomplete measurements, as well as to incorporate a mainstream or ramp flow control strategy. 
